DIFFERENTIAL OPERATORS AND COHOMOLOGY GROUPS 
ON THE BASIC AFFINE SPACE 



T. LEVASSEUR AND J. T. STAFFORD 
This paper is dedicated to Tony Joseph on the occasion of his 60"' birthday. 

Abstract. We study the ring of differential operators T>(X) on the basic 
affine space 'K = G/U of a complex semisimple group G with maximal unipo- 
tent subgroup U. One of the main results shows that the cohomology group 
H*(X, Ox) decomposes as a finite direct sum of non-isomorphic simple 'D(X)- 
modules, each of which is isomorphic to a twist of C'(X) by an automorphism 
of ©(X). 

We also use T>(X) to study the properties of T>{Z) for highest weight va- 
rieties Z. For example, we prove that Z is ©-simple in the sense that 0{Z) 
is a simple 'D(Z)-module and produce an irreducible G-module of differential 
operators on Z of degree —1 and specified order. 
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1. Introduction 

Fix a complex semisimplc, connected and simply connected Lie group G with 
maximal unipotent subgroup U and Lie algebra g. Then the basic affine space is 
the quasi-afRne variety X = G/U. The ring of global differential operators I'(X) 
has a long history, going back to the work [GK] of Gelfand and Kirillov in the late 
60's who used this space to formulate and partially solve their conjecture that the 
quotient division ring of the enveloping algebra U{g) should be isomorphic to a 
Weyl skew field. 

The variety X is only quasi-affine and, when g is not isomorphic to a direct 
sum of copies of s[(2), the affine closure X of X is singular. In general, rings of 
differential operators on a singular variety Z can be quite unpleasant; for example, 
and in contrast to the case of a smooth affine variety, T>{Z) need not be noetherian, 
finitely generated or simple and (conjecturally) it will not be generated by the 
derivations Derc(Z). Moreover, the canonical module 0{Z) need not be a simple 
D(Z)-module. Recently, Bezrukavnikov, Braverman and Positselskii [BBP] proved 
a remarkable result on the structure of X'(X) which shows that it actually has 
very pleasant properties. Specifically, they proved that there exist automorphisms 
{Fw}w, indexed by the Weyl group W of G, such that for any nonzero I?(X)-module 
M there exists w & W such that Vx Odcx) Af"' ^ 0, where M"' = is the 

twist of M by F^. (The should be thought of as analogues of partial Fourier 
transforms.) Since X is smooth this implies that, for any finite open affine cover 
{Xj}j of X, the ring 0- ^ I?(Xi)"' is a noetherian, faithfully flat overring of I'(X). 
As is shown in [BBP], it follows easily that I'(X) is a noetherian domain of finite 
injective dimension. 

The aim of this paper is to extend and apply the results of [BBP]. Our first 
result, which combines Proposition 3.1, Theorem 3.3 and Theorem 3.8, further 
elucidates the structure of 2?(X). 

Proposition 1.1. Let X = G/U denote the basic affine space of G. Then: 

(1) 2?(X) is a simple ring satisfying the Auslander-Gorenstein and Cohen-Mac- 
a,ulay conditions (see Section 3 for the definitions); 

(2) r(X) IS (finitely) generated, as a C-algebra, by {O(X)"' :w€W}Ul). 

Note that 2'(X) is quite a subtle ring; for example, if G = SL(3, C) then I?(X) = 
C/(so(8))/J, where J is the Joseph ideal as defined in [Jol] (see Example 2.8). 

The variety li. = G/U has a natural left action of G and a right action of the 
maximal torus H for which B = HU is a Borel subgroup. Differentiating these 
actions gives embcddings of g = Lie(G), respectively [) = Lie{H) into Derc(X). 
It follows easily from the simplicity of I'(X) that 0{X.) = H°(X, Ox) is a simple 
D(X)-module. One of the main results of this paper extends this to describe the 
D(X)-module structure of the full cohomology group H*(X, Ox): 
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Theorem 1.2. [Theorem 4.11] Let X = G/U and set M = X>(X)/I?(X)0. 
(1) ^ = H*(X,Ox). 



(3) For w ^ V eW, the V{X)-modules ©(X)'" and ©(X)" are simple and 
nonisomorphic. 

A resuh analogous to Theorem 1.2, but in the ^-adic setting, has been proved in 
[Po, Lemma 12.0.1]. It is not clear to us what is the relationship between the two 
results. 

A key point in the proof of Theorem 1.2 is that, by the Borel-Weil-Bott theorem, 
one has an explicit description of the G-module structure of the H*(X, Ox) and one 

then proves Theorem 1.2 by comparing that structure with the G- module structure 
of the O(X)"'. Theorem 1.2 is rather satisfying since it relates the loft ideal of 
I?(X) generated by the derivations coming from g to the only "obvious" simple 
■D(X)-modules 0{X.)^. In contrast, if one considers the left ideal generated by all 
the "obvious" derivations, 'D{X.)q + ■D(X)f), then one obtains: 

Proposition 1.3. [Theorem 4.6] As left 'D{X.) -modules, 



This proposition is somewhat surprising since, at least when g is not a direct sum 
of copies of sl(2), one can show that X'(X) is not generated by 0(X) and Derc(X) 
as a C-algebra (see Corollary 5.11). Of course, the analogue of Proposition 1.3 for 
smooth varieties is standard. 

A natural class of varieties associated to G are S-varieties: closures Y of a G- 
orbit Y = Yr = Gajy where v-p is a sum of highest weight vectors in some finite 
dimensional G-modulc. In such a case there exists a natural surjection X — » Y = 
G/Sr, for the isotropy group Sr of Vr- This induces, by restriction of operators, a 
map tpr '■ V^K)^^ T^O^) and allows us to use our structure results on X>(X) give 
information on I'(Y). For this to be effective we need the mild assumption that 
Y is normal and codimyCY \ Y) > 2 or, equivalently, that 0(Y) = 0(Y) (see 
Theorem 5.3 for further equivalent conditions). 

Corollary 1.4. [Proposition 5.7] Let Y be an S-variety such that 0{Y) = 0{Y). 
Then 0{Y) is a simple 'D{Y)-module. 

When Y = Yr is singular, this result says that there exists operators D G 
X>(Y) that cannot be constructed from derivations; these are "exotic" operators in 
the terminology of [AB]). As the name suggests, exotic operators can be hard to 

construct — see [AB] or [BK2] , for example - -but in our context their construction is 
easy; they arise as f/r-Ptuo (C(Yr» )). In the special case of a highest weight variety 
(this is just an S-variety Y-^ = Yr for F = N7) we can be more precise about these 
operators. 




D(X) _ V(X) 



0{X). 



2?(X)g + D(X)f P(X)Derc(X) 



4 



T. LEVASSEUR AND J. T. STAFFORD 



Corollary 1.5. [Corollary 6.8] Suppose that Y = is a highest weight variety. 
Then there exists an irreducible G-module E = V{'j) of differential operators on Y 
of degree —1 and order (7, 2p^). 

Corollary 1.4 also proves the Nakai conjecture for S- varieties satisfying the hy- 
potheses of that result and this covers most of the known cases of normal, singular 

varieties for which the conjecture is known. See Section 5 for the details. 

A fundamental question in the theory of differential operators on invariant rings 
asks the following. Suppose that Q is a (reductive) Lie group acting on a finite 
dimensional vector space V such that the fixed ring is singular. Then, 

is the natural map T>{V)''^ — > T>{0{V)'^) surjective? A positive answer to this 
question is known in a number of cases and this has had significant applications 
to representation theory; see, for example, [Jo2, LSI, LS2, Sc] and Remark 6.10. 
It is therefore natural to ask when the analogous map ^/r : 2?(X)'^r T>{Yr) is 
surjective. Although we do not have a general answer to this question, we suspect 
that tjjr will usually not be surjective. As evidence for this we prove that this is 
the case for one of the fundamental examples of an S-variety: the closure of the 
minimal orbit in a simple Lie algebra q. 

Proposition 1.6. [Theorem 6.9] IfY-, is the minimal (nonzero) nilpotent orbit of 
a simple classical Lie algebra Q, then ip-y is surjective if and only if Q = s[(2) or 
= sl(3). 

Acknowledgement. We would like to thank the referee for some helpful com- 
ments. 

2. Preliminaries 

In this section we describe the basic results and notation we need from the 

literature, notably the relevant results from [BBP]. The reader is also referred to 
[GK, HV, Shi, Sh2] for the interrelationship between differential operators on the 
base affine space and the corresponding enveloping algebra. 

We begin with some necessary notation. The base field will always be the field C 
of complex numbers. Let G be a connected simply-connected semisimple algebraic 
group of rank £, B a, Borel subgroup, H C B a maximal torus, U C B a maximal 
unipotent subgroup of G. The Lie algebra of an algebraic group is denoted by the 
corresponding gothic character; thus q = Lie(G), i) = Lie{H) and u = Lie(f/). 

We will use standard Lie theoretic notation, as for example given in [Bo]. In 
particular, let A denote the root system of (fl, f)) and fix a set of positive roots 
A+ such that u = ®Q,gA+'^"- Denote by W the Weyl group of A. Let A be 
the weight lattice of A which we identify with the character group of H. The set 
of dominant weights is denoted by A+. Fix a basis S = {ai, . . . , a^} of A+ and 
write {vui, . . . , voi\ for the fundamental weights; thus (njj, aj) = Denote by p, 
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respectively , the half sum of the positive roots, respectively coroots. Let wo be 
the longest element of W and set A* = —wq{\) for all A G A. Then wo{p) = —p, 
wo{p^) = —p^ and, by [Bo, Chapter 6, 1.10, CoroUaire], 

e e 
(A*,p^) = (A,/) =^mi if A = ^miai. 

i=l i=l 

For each co G A+ let V{u}) be the irreducible G-module of highest weight co and 

V{u})fj, be the subspace of elements of weight /i G A; we will denote by a highest 
weight vector of V{uj). Recall that the G-modulc V{uj)* identifies naturally with 
V{lj*). If is a locally finite (G x if)-module, we denote by E[X] the isotypic 
G-component of type A G A+ and by the /x-weight space for the action of 
H={l}x H. Hence, 

^ = 0{^W'*:MGA, AgA+}. 

Let Y be an algebraic variety. We denote by Oy the structural sheaf of Y and 
by 0{Y) its algebra of regular functions. The sheaf of differential operators on Y 
is denoted by with global sections 2?(Y) = H°(Y,X»y)- The C'(Y)-module of 
elements of order < fc in I?(Y) is denoted by I)fe(Y), and the order of I? G T>(Y) 
will be written ordD. Now suppose that Y is an irreducible quasi-affine algebraic 
variety, embedded as an open subvariety of an afRne variety Y. We will frequently 
use the fact that, if Y is normal with codimylY \ Y) > 2, then 0{Y) = 0{Y) 
and so r»(Y) =V{Y). 

Let Q be an affinc algebraic group. We say that an algebraic variety Y is a Q- 
variety if it is equipped with a rational action of Q. For such a variety, 0(Y), X'fe(Y) 
and 'D(Y) are locally finite Q-modules, with the action of a G Q on G 0{Y) and 
D G 'D{Y) being defined by a.(p{y) = (p{a~^.y) for y gY, respectively {a.D){(p) = 
a.D{a^^ .(f). If Y is also an affine variety such that 0{Y)'^ is an affine algebra, 
we define the categorical quotient Y//Q hy 0{Y //Q) = 0{Y)^ . We then have a 
restriction morphism 

: P(Y)Q ^ V{YI/Q), i^{D){f) = D{f) for / G 0{Y)Q . 

Notice that tjj{Vk{Y)^) C Vk{Y//Q) for all fc. In many cases 0{Y) wiU be a Z- 
graded algebra, C(Y) = 0„gzC", in which case X'(Y) has an induced Z-graded 
structure, with the n*^ graded piece being 

(2.1) V{YY = {6* G V{Y) : e{0'') C 0''+" for all r G Z}. 

In this situation, V{Y)" will be called operators of degree n. 

Assume now that F is a (G x fl')-module and that Y is a (G x ff)-subvariety 
of Then 

0{Y) = 0{Y)[\r c V{Y) = V{Y)[Xr. 

AeA+ AeA+ 
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It follows easily from the definitions that 

(2.2) V{YY = {d G V{Y) : d{0{Y)^) C 0(Y)^+'^ for all A G A}. 

One clearly has a surjection 5'(V*)[A]^ 0(Y)[A]''. Furthermore, if \^ = V'^' for 
some ^ 7* G A, we will identify S'^{V*) with ^(y* )'"''' and obtain the surjective 
G-morphism S"\V*)[\] 0(Y)[A]"'''. In this case, 0(Y) = ©^^^^(Y)"'^* 
and ©(Y) = 0„£z '^(Y)'"''' are Z-graded and (2.2) can be interpreted as saying 
that D(Y)'"'>' is the set of differential operators of degree m on Y. 

The previous results apply in particular to the basic affinc space X = G/U . We 
need to collect here a few facts about the (G x i/)-varicty X and its canonical 
affine closure X. For these assertions, see, for example, [GK, Gr, VP]. Set V = 
V{vj\) • • • V{vo() and recall that there is an isomorphism 

X^^G.(wi:^i ® • • • ® w^J C y, 9-{v^i © • • • ®v^^), 

where g denotes the class of G G modulo U. We identify X with this G-orbit and 
write 

= 0{X) and V = V{X). 

Then the Zariski closure X of X in is a normal irreducible affine variety that 
satisfies codimx(X \ X) > 2; thus O = 0(K), etc. 

Identify wo with an automorphism of H; thus A*(/i) = X{wo{h~^)) for all A G A 
and h ^ H . Define the twisted (right) action of H on X by rh-g = gwo(h). Endow 
the G- module V with the action oi H = {1} x H defined by 

rh-{u\ ®---®ui)= wl{h~'^)ui ® • • • © ^7|(/^~^)^i^ 

Then the embedding X 1/ is a morphism of (G x i7)-varieties. The induced (left) 

action of on O is then given by {rh-f){g) = firh-^-S) for all / G O, /i G .H", g G X. 
It follows that 0[p*] =0"' ,0^" = Oifn^A+, and we can decompose the (G x H)- 
module O as: 

(2.3) 0=0 0^, 0^ = 0[X] ^ V{X). 

The final isomorphism in (2.3) comes from the fact that the G-action on O is 
multiplicity free [VP, Theorem 2]. Notice that the algebra O is (finitely) generated 
by the G-modules O^^ , 1 < j < £■ Also, (2.2) implies that ^{0^) = when X + n 
is not dominant. 

Notation 2.4. The differentials of the actions of G and H (via h i-^ ru) on X yield 

morphisms of algebras i : U{q) V and j : U{t)) T>. By [GK, Corollary 8.1 and 
Lemma 9.1], i and ] are injcctive; from now on we will identify U{q) with i{U{^q)) 
but write f) = j(l)) and U{\)) = j{U{\))), to distinguish these objects from their 
images under i. 
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Let 7^ M be a left P-module and r G Aut(2?), the C-algebra automorphism 
group of v. Then the twist of M by t is the X>-module defined as follows: 
M"^ = M as an abelian group but a ■ x = T{a)x for all a € r>, a; e M. Recall also 
that the localization of M on X is 

L{M) = Dx M ^ Ox Oo M. 

Thus L{M) is a quasi-coherent left Dx-module. Clearly L{M) = when M is 
supported on X \ X but, remarkably, one can obtain a nonzero localization by first 
twisting the module M: 

Theorem 2.5. [BBP, Proposition 3.1 and Theorem 3.4] Let V = I>(X). Then: 

(1) There exists an injection of groups F -.W Aut(X') written w i-^ 

(2) For each V -module M there exists w eW such that L{M^-') ^ 0. □ 

This theorem is also valid for right modules. The morphisms Fyj can be regarded 
as variants of partial Fourier transforms, and more details on their structure and 
properties can be found in [BBP]. 

It will be convenient to reformulate Theorem 2.5, for which we need some nota- 
tion. Since X is an open subset of the non singular locus of X, we can fix an open 
(and smooth) aflane cover of X: 

k 

(2.6) X=|JXj-, where Xj = {x eX : fj{x) ^ 0}, 

i=i 

for the appropriate fi £ 0{X). Notice that T>{Xj) = I'[/~^] for each j and so 
V{Xj) is a flat X>-module. If M is X>-module and wgW, let M'^ denote the twist 
of M by F^. 

For each pair {w,j) with w G W and 1 < j < fc, we have an injective morphism 
of algebras (f>wj : V ^ 2?(Xj) given by <l>wj{d) = F~^{d). We write T>{Xj)yj for the 
algebra 'D{Xj) regarded as an overring of T> under this embedding. The significance 
of this construction is that, for any left D-module M, the map d ^ v i— > d ^ v 
induces an isomorphism T>{Xj) ®d M™ = T>{Xj)w ®v M of left ■D(Xj)-modules. 
Theorem 2.5 can now be rewritten as follows. 

Corollary 2.7. Let ^ M be a left V-module. Then: 

(1) There exists a pair {w,j) such that T){Xj)w ®x> M ^ 0. 

(2) Set = ©^=1 T^{^j)w and R = ^yj^w Then R is a faithfully fiat 
(left or right) overring ofV. 

Proof. Part (1) is just a reformulation of Theorem 2.5. This in turn implies that R 
is a faithful right 2?-module. It is flat since V{Xj)yj is isomorphic, as a 2?-module, 
to the localization of T> at the powers of Fu,{fj)- Since Theorem 2.5 also holds for 
right modules, the same argument shows that is a faithful flat left D-module. □ 
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When = 5l{2) it is easy to check that X = C^, and so there is no subtlety to 
the structure of either X or V. However, when g ^ 5[(2)™, X wiU be singular and 
V will be rather subtle. The simplest example is: 

Example 2.8. Assume that q = sl{3) and set X = SL{3)/U. Then X is the 
quadric "^iVi — inside C^. Moreover, V = I'(X) = U{so{8))/J, where J is 
the Joseph ideal. 

An explicit set of generators of T> is given in [LS3, (2.2)]. The algebra Fyj^^^O) 
is generated by the operators Oj} of order 2 from [LS3, (2.2)]. 

Proof. The proof of the first assertion is an elementary and classical computation, 
which is left to the reader. The second assertion then follows from [LSS, Re- 
mark 3.2(v) and Corollary A]. The claim in the second paragraph will not be used 
in this paper and so is left to the interested reader (the next proposition may prove 
useful). A second way of interpreting this example is given in Remark 6.10. □ 

In the main body of the paper we will need some more technical results from 

[BBP] about the automorphisms Fy^, and for the reader's convenience wo record 
them in the following proposition. This smnniarizes Lemma 3.3, Corollary 3.10, 
Proposition 3.11 and the proof of Lemma 3.12 of that paper. 

Proposition 2.9. Let rj G A+, /x G A and w e W . Then: 

(1) Fy, is G-Unear and F„(P'') = D^t^). Thus Fy,{0'^) ^ V{ri) as G-modules. 

(2) F^{h) = w{h) + {w{h) - h, p) for all hGt). 

(3) ordF^(d) = ordd + (/z — w{iJ,),p^) for all ^ d G V^. In particular, if 
O^feO^, then ordF„„(/) = (»?,2p^). 

(4) Let {f^}l<^<n C C and {5j}i<j<„ C C* = (C)* be dual bases such that 
(up to a constant) fi®9i is the unique G-invariant element in 0''^®0^ . 
Then the {G x H)-invariant operator Prj = J2i=i fiP-woidi) G U{i)) is given 
by 

{i].q'-") 

(2.10) Pr, = Cr, n n (q^ + (q\p)-z), 

for some c,, e C \ {0}. Moreover, ordP,, = (ry, 2p^). 

(5) £/(?)= E^6wC^W^»(^.)- ° 

3. The structure of T>{G/U). 

In [BBP], the authors use Theorem 2.5 to prove that X> is a noetherian ring of 

finite injective dimension. In this section we investigate other consequences of that 
result to the structure of T>. The notation from the last section will be retained; 
in particular, G is a connected, simply connected reductive algebraic group over C, 
with basic affine space X = G/U and V = T>{X.). 
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We begin with an easy application of the faithful flatness of the ring R = 
0^ j.X>(Xj)^ defined in Corollary 2.7. 

Proposition 3.1. The ring T? is simple and O is a simple left V -module. 

Proof. Let J be a non zero ideal of V. As in the proof of Corollary 2.7, I?(Xj) 
is a noetherian localization of V and so, by [MR, Proposition 2.1.16(vi)], each 
X>(Xj)^„ 0x> J — (8)d J"' is an ideal of ©(Xj) and it is nonzero since D is a 

domain. But X^ is a smooth afSne variety and so I'(Xj) is a simple ring. Thus 
X'(Xj)^ (E)x> J = I?(Xj)^ for all w G W and 1 < j < k. This means that the module 
M = V/J satisfies i?(g)x> M = 0, hence M = by Corollary 2.7(2). In other words, 
J = V. 

If O is not a simple !D-module, pick a proper factor module O/K a,nd note that K 
is then an ideal of O. But now the annihilator a,n.nTi{0 / K) of O/K as a, I>-module 
is an ideal of T> that contains K. This contradicts the simplicity of V. □ 

We now turn to the homological properties of V. Two conditions that have 
proved very useful in applying homological techniques (sec for example [Bj] or 
[LSI]) are the Auslander and Cohen-Macaulay conditions. These are defined as 
follows. A noetherian algebra A of finite injective dimension is called Auslander- 
Gorenstein if, for any finitely generated (left) A-module M and any right submodule 
N C Ext^(M, A), one has Ext{{N,A) = 0, for j < i. The grade of M is j^(M) = 
M{j : Ext\{M,A) ^ 0} (with the convention that j^(0) = +oo). The Gelfand- 
Kirillov dimension of M will be denoted GKdim^ M. We say that the algebra A 
is Cohen-Macaulay if 

CKdim^ M + j^(M) = GKdim A for all M ^ 0. 

If Z is a smooth affine variety, then I?(Z) is Auslander- Gorenstein and Cohen- 
Macaulay with GKdim2?(Z) = 2dimZ (see [Bj, Chapter 2, Section 7]). This 
applies, of course, when Z = Xj for 1 < j < A; and so R = ®yjjT^{^j)w also 
satisfies these properties. As we show in Theorem 3.3, these properties descend to 
V = V{X.). 

If M is a (finitely generated) 2?-module, write 

Mj" = ®T> M"", for l<j<k and w€W. 

Lemma 3.2. If M is a finitely generated left V-module then 

GKdimi, M = max{GKdimi,(x^.) M]" : 1 < j < k,w e W}. 

Proof. By definition, R®tjM = ®]^^ ®^^w and so 

GKdimij R®t,M = max{GKdimi,(x^) Mf :l<j<k,we W}. 

By faithfully flatness (Corollary 2.7), the natural map M R®-d M is injective 
and it follows that CKdimu M < GKdimfl i? 0k M. Conversely, since Mf is the 
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localization of at the Ore subset {/J : s £ N}, it follows from [Lo, Theorem 3.2] 
that GKdimp(x^) Mj^' < GKdimcM"'. Since GKdimpM"' = GKdimpM, this 
implies that GKdimij R 0x) M < GKdimD M and the lemma is proved. □ 

Theorem 3.3. The algebra T) is Auslander-Gorenstein and Cohen- Macaulay. 

Proof. Let M be a finitely generated (left) P-module and is a (right) submodule 
of Ext^(M, V). As is a flat D-module, 

R ®v Exti,(Ar, V) ^ Ext^(7V ®-d R, R) 

and N^-p i? is a submodule of Ext^(i?,Cx3p Af . R). Since R is Auslander-Gorenstein, 
this implies that R Cx)^, Ext'^{N,V) = 0, for any q < p. Since i? is a faithful V- 
module, it follows that Ext'^{N,V) = 0. Thus V is Auslander-Gorenstein. 

Prom Ext^(i? (8)x, M, R) ^ Extp(M, V) ^-d R and the faithful flatness of Rj, we 
get that Ext'fl(i?(8)i,M,i?) = <s=^ Exti,(M,D) = 0. Thus, j^(i?(8)i.M) = j^(M). 
But, 

Ext^(i?®^M,i?) - 0Ext^(x,)W'^(Xi)) 

and so jp(M) = jfl(i? ®v M) = min{jp(x,)(^^") : 1 < J < A, w G l^}. 

Each Xj is a smooth afBne variety of dimension dimX and so each ©(Xj) is 
Cohen-Macaulay. It therefore follows from Lemma 3.2 that 

GKdimx> M = max{GKdimx,(x^) : 1 < j < fc, w G W, Mj" ^ 0} 

= max{2dimX - jp(x,)(-M7) : 1 < j < k,w GW,Mf 0} 
= 2dimX - min{j^(x^) (Mj") : 1 < j < k,w G W} 
= 2dimX-j2,(M), 

as required. □ 

Remark 3.4. The last result should be compared with [YZ, Corollary 0.3] which 
shows that a simple noetherian C-algebra with an affine commutative associated 
graded ring is automatically Auslander-Gorenstein and Cohen-Macaulay. It is not 
clear whether that result applies to V, since we do not have a good description of 
the associated graded ring of V. 

When Z is a smooth afline variety, I'(Z) is a finitely generated C-algebra, simply 
because it is generated by 0(7) and Derc(Z). When Z is singular, it can easily 
happen that 2?(Z) is not affine (see, for example [BGG]). However, as we will show 
in Theorem 3.8, the C-algebra V is finitely generated. We begin with some lemmas. 

Lemma 3.5. Let 7 G A+. There exists a nondegenerate pairing of G -modules 

T : F^,{0^) X O^' C, (F^o(/).5) ^ F^oifM- 
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Proof. By Proposition 2.9 and (2.2), Fyj„{0'^){0'^' ) C C''"o(7)+7* = o° = C. Also, 

{a.F^„{ma-9) = a.F^Xf)(a-\{a.g)) = a.F^,{f){g) = F^,{f){g), 

for all a £ G. Therefore, r is a well defined pairing of G-modules and it induces a 
G-linear map F^„{0'') (0^*)*. Since F^^{0'^) ^ {O'^')* ^ V{j), it suffices to 
show that T is non zero in order to show that it is non-degenerate. In the notation 
of Proposition 2.9(4), wc will show that i^wo(/j)(fi'i) ^ov some i. 
By Proposition 2.9(2), 

and so Proposition 2.9(4) implies that 

F^„(P^) = n n K(a^)-(a^p)-i). 

cjVgAV i=l 

Since WQ{a^) e is a vector field on X, we have uio(a^)(l) = and so 

F^„(p^)(i) = n n (("^p>+^) ^ 0' 

a-^eA:^: i=l 

since (a^,p) > for all . By Proposition 2.9(4), F^o(P-y)(l) = Ei -P^^«o 

and so Fwg{fi){gi) ^ for some 1 < i < n. □ 

Lemma 3.6. The 0{X)-module map m : 0(X) (g) F^^{0{Xj) X>(X) gzwen 6y 
(/) gFwoif) is injective. 

Proof. Let t G Ker(m) and write t = J2ij ^ij ® ^woifij) where {fij}j is a basis 
of C"*% for some pi, . . . , G A+, and hij e O for all z, j. We may assume that 

s is minimal; thus, for c;ach 1 < i < s, some hij ^ 0. Partially order A by 
Lu* ^ A* if uj* — X* Cz A+ and assume that /i* is minimal among the /i*'s for this 
ordering. By Lemma 3.5, for each i there exists a basis {gij}j of C^* such that 
Fwoifij)i9ik) = 5jk- When i > 1 we have -Fu,o(/ii)(5ife) ^ O'^t"''* = 0, since 
/U* — yu* ^ A+. Therefore, for each k, we have 

= m{t){gik) = '^hijFyj^{fij){gik) = '^hijFyjg{fij){gik) = hik, 

ij j 

contradicting the minimality of s. □ 

Define a finitely generated subalgebra of I>(X) by 

S = C{0,F^,{0)) = C{0^\F^,{0^i) ; 1 < i,i < I), 

where ^ = rank(g). The elements of O act locally nilpotently on D, and therefore 
on S. Thus C = O \ {0} is an Ore subset of S. Let K = C-'^O denote the field of 
fractions of O. Recall that C^^P(X) = P(K) is the ring of differential operators 
on K and that X'r(X) = ©^(K) n V{X) for all r G N (see, for example, [MR, 
Theorem 15.5.5]). 
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Lemma 3.7. We have C = V(K.). In particular, for any finite dimensional 
subspace E c ^?(X), there exists ^ / e 0(X) such that fE c S. 

Proof. The aim of the proof is to apply [LS2, Lemma 8]. 

Applying the exact functor K^q — to the injective map m of Lemma 3.6 yields the 
K-linear injection m : K (g) Fyjg{0) ^ A = C~^S. Since Fyjg{0) is a commutative 

algebra of dimension n = dimX = trdeg^K, we may pick . . . ,u„ G FwaiO) 
algebraically independent over C and set P — C[ui, . . . , m„]. For any q G N, denote 
by Pq the subspace of polynomials of degree at most q and define 

Gq = {d S K(g)P : ordm(d) < q} and k = maxjord m(?/i) : 1 < i < n}. 

Observe that {6^}^ and {IK ® Pq]q arc two increasing filtrations on the K-vcctor 
space K (g) P and that the map q ^ dimK(K ® Pq) is a polynomial function of 
degree n. Furthermore, since m{uiUj) = m{ui)m{uj), we have K0Pg C Q/^q for all 
q. Hence, dimKOg > p{q) for some polynomial p of degree n. If Ag = T>q{K) fl A, 
then m(Gg) C Ag and so dimK^g > p{q)- It follows that 

limsup{logg(dimK A,/yl,_i)} > n - 1. 

The hypotheses of [LS2, Lemma 8] are now satisfied by the pair A C V{K) and, 
by that result, V{K) = A = C~^S. The final assertion of the lemma follows by 
clearing denominators. □ 

We can now describe a generating set for the C-algebra V, for which we recall 
the definition of f) from Notation 2.4. 

Theorem 3.8. As a C-algebra, V is generated by f) and the F^{0), for w G W . 

Proof. Set B = C(f),P^(C) ; w G W); thus S is a G-submodule of V containing 
both S and U$). Moreover, as F^{U(^)) = U(^) (see Proposition 2.9(2)), F^{B) = 
B for all w e W. As X> is a locally finite G-module, it sufiices to show that 
E C B for all finite dimensional G-submodules E of 2?. For such a module E, set 
L {b e B : bE C B} and I^{E) = {g e O : F^{g)E C B} for w € PF. We aim to 
show that the left ideal L of B contains 1. 

Clearly, Iw{E) is an ideal of O. It is also a G-submodule since 

F^(a.g)E = F^{a.g)a.E = a.{F^{g)E) C a.B = B 

for all a G G and g G Iw{E). Since S CB, Lemma 3.7 implies that Ii{E) ^ 0. For 
each w, F^-i{E) is a G-submodule of V (isomorphic to E) and 

gel^oiE) ^ gF^-i{E)cB ^ g e IiiF^-iiE)). 

Thus, Iw{E) ^ for all w & W . Since O is a domain, it follows that / = 
V\wew^wi^) ^ non-zero G-submodule of O. Now, O = ®xeA+^^ ^^'^ 
C / for some 7 G A+. By Proposition 2.9(4), F,^{Pj,) = Y,iF^{fi)F^^^{gi) 
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for some fi € and gi G C. By the definition of / and the choice of 7, we have 
FwwoiSi)-^ C B; that is, Fwwq {gi) e L, for all weW. Since F^{fi) G F^{0) C B 
we obtain that FwiP-y- ) G i for all «; G PF. Finally, as U (^) C B, Proposition 2.9(5) 
implies that 1 G L and hence that E c B. □ 

We conjecture that f) is unnecessary in the last theorem; i.e., we conjecture that 

V = C{F^{0) -.wgW). 

Using Example 2.8 the authors can prove this for q = si{3); indeed we can even 
show that V = C{0, Fwo{0)) in this case. However, the argument heavily uses 
facts about so (8) and so it may not be a good guide to the general case. 

4. The D(X)-MODULE H*(X,e»x) 

As before, set X = G/U with associated rings O = 0(X) and V = V^K). In 
this section we give a complete description of H*(X, Ox) = 0igN Cx) as a 

P-module. Specifically, we will show that H*(X, Ox) is simply the direct sum of 
the twists O"' = O^™ oiOhywGW. 

The first cohomology group to consider is H°(X, Ox.) = O. As a X>- module, O = 
V/I where I = {d gT> : d{l) = 0} is a maximal left ideal of V (Proposition 3.1). 
Clearly, I D + V\), in the terminology of Notation 2.4. The first main result of 
this section, Theorem 4.6, shows that this is actually an equality and, further, that 
V/Vq = ®^^^0-^. 

Before proving this theorem, we need some preliminary notation and lemmas. 
As in (2.6), we cover X by afRne open subsets Xj = {a; G X : fj{x) 7^ 0} and let 
Cj = {fj : s G N}, for I < j < k, denote the associated Ore subsets in V. If M is a 
left P-module, the kernel of the localization map M Mf. = X'(Xj) ^-o M is 

Tj{M) = {v e M : f?v = for some s > 0}. 

Lemma 4.1. For all w gW and x G q, one has Fyj{x) = x. 

Proof. By Proposition 2.9(1), F^ is a G-lincar automorphism of V and hence is 
0-linear, where g acts by the adjoint action. Therefore, for any 6 and x € g, 

[F^{x),F^{e)] = FU[x,e]) = [x,F^{0)]. 

Thus [Fw{x),y] = [x,y] for all y G V. If j/ G fl, then g-linearity also implies that 
[Fyj{x),y] = F^{[x,y]) and hence that [x.y] = {F,^,{x),y] = F^{[x,y]). As g is 
semisimple, [g,g] = g and so this implies Fu,{z) = z for all z G g. □ 

The next lemma shows why we should expect all the O" to appear in a decom- 
position of V/Vg. 

Lemma 4.2. (1) Each V-module O''" is a factor of M = V/Vg. 

(2) Set M = I/Vg. Then, M = Tj{M) for 1 < j < k and V/I is the unique factor 

of M. isomorphic to O as a V-module. 
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Proof. (1) Since the action of d G I? on O"' is given by d • / = F^{d){f) for / G O, 
we have O"' = V/F~'^{I). As we noted above, / D Dg + Pf) and so, by Lemma 4.1, 
F-i(7)D©fl. 

(2) Let Ta;X denote the tangent space of X at a; G X. Observe that, if e = 
U/U G X, then StabG(e) = U and so g/u identifies naturaUy with TgX. Since 
X is a homogeneous space, the map i : g — > Derc O induces an isomorphism 
fl/u ^ TeX ^ T^X. As Xj C X is afhne, it follows that Der(!)(Xj) = 0(Xj)f| for 
each j = l,...,k. Furthermore, since X^ is smooth, the I>(Xj)-module 0(Xj) is 
simple and isomorphic to VpCj) /VCKj) Der 0(Xj). Since O = A4/J\f, this implies 
that 

(4.3) 0(X,) = Cr\M/M) = P(X,)/P(X,)0 = Cr^M 

for all j. Therefore C'^Af = and so ^ C Tj{M). The equality M = Tj{M) then 
follows from Tj{0) = 0. 

Now suppose that O = T>/L iov some maximal left ideal L D T>q. Then CJ^L D 
D(Xj)0 and C^^O = ©(Xj) S X>(Xj)/C7^i for all j. By (4.3), the left ideal 
r»(Xj)g is maximal and so Cj'^L = X'(Xj)g for all j. Therefore L/Vq C Tj{M) = 
J\f = I/T>Q, which implies that LCI. Hence L = I. □ 

As in [Bo, Theoreme 2, Section VI.1.5], = {aY, . . . , a^} defines a dominant 
chamber 

C(S^) = {y G flR : {y,a,) > for alH = 1,...,^} 
in the root system = j(A^) c = ©Li I^"/ C 
Lemma 4.4. If y e (7(11^) anrf w G \ {1}, f/ien F^„(y) ^ /. 

Proof. Using [Bo, Ch. VI, Section 1.6, CoroUaire de la Proposition 18], we have 
^ y — 'w{y) = Yl^=i n-iO^ with n-i G M+. Hence, Proposition 2.9(2) implies that 

Fyj{y)-w{y) = {w{y)-y,p) = -Y^z^i G C \ {0}. 

Thus Fu,{y) - w{y) ^ I. Since w{y) GtjCl, this implies that Fu,{y) ^ I. □ 

Lemma 4.5. As V-modules, = O^' if and only if w = w'. 

Proof. Since (O^)"" = O'^'" it suffices to prove the result when w' = 1. So, assume 

that 9^ O for some w ^ 1 and set AT^^ = F^^{I)/Vg; thus A^i = Af. Then 
= V/F^^{I) = M/Uw and Lemma 4.2 implies that Afw = A/i; equivalently, 
F^-i{I) = I. Now pick y G C(i;^). Since y e I, this implies that F^-i{y) G /, 
contradicting Lemma 4.4. □ 

The following theorem gives a precise description of the I>- modules O and M.; it 
shows in particular that is a multiplicity free, semisimple module of length 

Theorem 4.6. Write 0(X) = 2?(X)// for I = {d € V(X) : d(l) = 0} and define 
M = V(K)/V{X.)g. Then: 
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(1) M ^ ^yj^w^i^r a« a T^iX) -module; 

(2) I = V{X)q + V{X)^ = V{X)q + V{X)y for all y e 

Proof. (1) Set JVyj = F^^{I)/Vg, for w e W. By Lemmas 4.2(2) and 4.5, the 
D-modules = M/Mw are nonisomorphic, so the natural map M ®wew 
is surjective with kernel A'' = {^^^i^I^w It therefore remains to prove that N = 0. 
By Lemma 4.2, if x £ /, then there exists t E N such that /jx € Vg for j = 
l,...,k. Therefore F^-i{fjY F^-i{x) G Vq for aU j; cquivalently, each element 
[F^-i{x) + Vq] e Nw is torsion for F^-i(Cj). Consequently, ii v & N , then there 
exists s G N such that Fyj{fj)'^v = for all 1 < j < fc and w e W. In other words, 
Ny, = (0), for all such j and w. By faithful flatness (Corollary 2.7) this implies 
that A'' = 0. 

(2) It suffices to prove that I ^Vg + Vy for y e C(E^). Set 3 ^iVg + Vy) jVg. 
By part (1) and Lemma 4.2, the AC, w S W , are the only maximal submodules 
of M.. Therefore, if J C A/i we must have J C M-w for some w ^ \. This implies 
that F^^Pg + Dy) C 7, hence Fyj{y) — w{y) € /, in contradiction with Lemma 4.4. 
Therefore N'l =3 and I = Vg + Vy. □ 

We will prove in Theorem 4.11 that H*(X, Ox) is isomorphic to as a V- 
module. In order to prove this, we need to recall some results on the cohomology 
of line bundles over the flag variety B = G/B. 

Wc begin with some general remarks. Let Z he a smooth G-variety and write 
r : 5 — > Der Oz for the differential of the G-action. Let 5" be a G-equivariant Oz- 
module as defined, for example, in [Ka, Section 4.4]. This implies, in particular, 
that 3" is a compatible {g, C>z)-niodule in the sense that for any open subset fl C 
Z, one has Cifv) = T{0{f)v + fi^v) for all ^ G 0,/ £ Oz(f^) and v G J(l^). 
In this setting, the cohomology group H*(Z,5') inherits a structure of compatible 
(G, C'(Z))-module, cf. [Ke, Theorem 11.6]. If is a coherent G-equivariant Vz- 
module, then it follows from [Ka, Sections 4.10 and 4.11] that H*(Z, 1) is endowed 
with a X>(Z)-module structure such that t{^)v = ^|j^o(e*^.v) for all v G ff(Z,J) 
and ^ € g. We will apply these observations in two cases: one is when Z = X = G/U 
and J = Ox is a G-equivariant ©x-module under left translation; the other is 
described next. 

Let TT : G ^ B = G/B, (j) : G ^ X and y> : X ^ B be the natural projections, 
thus n = if o (f). For each A G A, the one dimensional i?-module C_a can be 
viewed as a _B-module with trivial action of U. As in [Ke, pp. 333-335], define the 
G-equivariant OB-module 'C(A) to be the sections of the line bundle G C-x- 
Since G C_a = X x-^^ C_a, one has 

(4.7) r(n, £(A)) = {/ : ip-^n ^ C : f{gh) = X{h)f{g) ioTheH,g€ ^"^fi}. 
where O C B is any open subset. 
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Recall from (2.3) that the decomposition O = ©(X) = 0^^^+ induced by 

the twisted action of H on X. Hence, h G H acts on / e T{fl, ^(A)) via 

(4.8) Mm = figwoih-')) = X{wo{hr')fig) - A*(/i)/(,g). 

Passing to Ccch cohomology, H therefore acts on H'(B,£(A)) with weight A*. 

The cohomology groups of the line bundle i^(A) arc described as G- modules by 
the Borel-Weil-Bott theorem, that we now recall (see [Ja, Corollaries II. 5. 5 and 
II. 5. 6], up to a switch from B to the opposite Borel). The length of w e is 
denoted by i{w) and we will write 

W{{) = {wgW: £{w) = i}. 

The "dot action" of w € on ^ g f)* is defined by w ■ £^ — w{£^ + p) — p. 

Theorem 4.9. (Borel-Weil-Bott) The G-module H*(B,£(A)) is isomorphic to 

V{p)* if 3 {w, p) e W{i) X A+ such that X = w-p; 
otherwise. ^ 

The following standard proposition reduces the computation of the G-module 
H*(X, Ox) to the Borel-Weil-Bott theorem. We include a proof since we could not 
find an appropriate reference. 

Proposition 4.10. The morphism : X — > B is affine and <^*C?x — ^^eA'^i'^) 
as (g, 0^)-modules. In particular, for each i G N, there is a G-module isomorphism 

ff(X,Ox) = 0ff(B,£(i.)). 

I/£A 

Proof. By the Bruhat decomposition, B is covered by the affine open subsets 0,^ = 
■k{wU~B) where w G Na{H) is a representative oiw and U~ is the opposite 
maximal unipotent subgroup of G, see [Ja, (II. 1.10)]. As wU^B = U~ x H x U, 
the subset ip~^flyj = (p{wU~B) is affine and isomorphic to x iJ as an H- 
variety. Thus is an affine morphism and H*(X, Ox) — H*(B, <^*C'x) by [Ha, HI, 
Exercise 4.1]. 

The affine algebra r(0,i,, (/3,Ox) = Ox{'P~^^w) is endowed with a regular action 
oi H. Hence, r(17u,, (/?*Ox) decomposes as 0ygA ^x(iy?~^^^ui)i/ with 

Ox(</'-'0^). = {/ : <p-^n^ ^ C : f{gh) = v{h)f{g) for all /i e ff, G ^'^Q^]. 

Therefore, by (4.7), r(0^,(^*Ox) = ®,^f,T{n^,L{v)) as (g, e)B(0^))-modules, 
and it follows that ip*Ox — ®ueA'^i'^) ^ (fl, OB)-inodules. □ 

One consequence of this proposition is that H*(X, Ox) = for i > dimB = 
£{wo) = We can now give the promised description of H*(X, Ox)- 
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Theorem 4.11. As V{X) modules, ff(X,Cx) = 0^eiv(i) <^(^)"'' M < i < 
dimB. Moreover 

H*(X,C'x) = I?(X)/P(X)s ^ 0(xr 

wew 

is a direct sum of nonisomorphic simple V-modules. 

Proof. By Proposition 3.1 and Lemma 4.5, the O'^ are nonisomorphic simple mod- 
ules. Combining Theorem 4.9 with Proposition 4.10 gives 

ff(X,Ox) = 0ff(B,£M) ^ ff(B, 

Since H^^'^^CB, £,(«;■ /x)) ^ y(At*), the multiplicity [ff(X,e)x) : V{X)\ is equal to 
\W{i)\ for any A e A+. 

Fix w e W(i) and pick 7^ in the trivial G-module R^^'^\B,L{w ■ 0)). As 
Ox is a (G X iJ)-oqui variant Px-niodule, xCu, = ^|j^Q(e*^.e^) = for a; € fl and, 
by (4.8), 2/ G f) acts on with weight 

(w ■ 0)* = -Wo(w(p) - P) = wowwo(p) - p. 

Hence ye^ = (wowwqIp) — p,y)ew = {p,WQW^^W(){y) — y)ew, for all y Gi). Substi- 
tuting this into the formula from Proposition 2.9(2) shows that Fyjgyjyjfj{y)eyj = 0. 

Thus {Vg + I>F^o™™o(^))e«, = and so, by Theorem 4.6(2), De^ ^ qwow--'wo_ 
Since the map w 1— > wow~^'Wo permutes W{i) and the are nonisomorphic sim- 
ple modules, we conclude that H'(X, Ox) 2 I]«,GW(i) - ©«;ew(j) C'"'- By 
Lemma 4.1, O"" ^ O ^ 0AeA+ as G-modules. Thus, for each A e A+, the 
first paragraph of the proof implies that 

[®{0^ ■.weW{t)}:V{X)] = \W{i)\ = [ff(X,Ox) :T^(A)]. 

Consequently, H'(X, Ox) = ^yj^wii) Theorem 4.6 then implies that 

H*(X,Ox) = 0ff(X,Ox) ^ 0O- ^ V/Vg, 
i=o tueiy 

which completes the proof. □ 

5. Differential operators on S-varieties 

In this section we consider highest weight varieties and, more generally, S- 
varieties Y in the sense of [VP]. These are natural generalizations of the closure 
X of the basic afBne space X and there is a natural map from ■E>(X) to the ring 
of differential operators I'(Y) over such a variety. Although this map need not be 
surjective (see Theorem 6.9) it does carry enough information to prove, under mild 
assumptions, that Y is f-simple in the sense that 0(Y) is a simple X'(Y)-module. 
We wiU continue to write O = 0(X) and V = X>(X). 
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Definition 5.1. An irreducible affine G- variety Y is called an S-variety if it con- 
tains a dense orbit Y = G.v such that U C StabG(v), the stabilizer of v in G. 

Remark 5.2. One important feature of S- varieties is that any afRne spherical vari- 
ety (i.e. an irreducible afRne G- variety having a dense B-orbit) is a flat deformation 
of an S-variety (see, for example, [Gr, Theorem 22.3]). 

The S- varieties have been completely described in [VP]. We begin with the 

relevant notation. Set F = Ylj=i ^Tj, where 71, ... ,7s G A+ are distinct dominant 
weights. Write Vr = ^ilj) ^ vr = v^^ (B ■ ■ ■ (B and define Yr = G.vr- 

The following theorem summarizes the results of [VP, Section 3] that we need. 

Theorem 5.3. (1) The closures Yr give all the S-varieties. 

(2) One has 0(Yr) = 0^^^. C 0(Yr) = e^gzr.nA+ O^^- 

(3) The following assertions are equivalent: 

(i) 0{Yr) = 0{Yr); 

(ii) F = ZFn A+; 

(iii) Yr is normal and codimYj,(Yr \ Yr) > 2. □ 

We will always assume that F satisfies the equivalent conditions from Theo- 
rem 5.3(3); that is: 

(5.4) ZF n A+ = F. 

Hence, for an S-variety Yr satisfying (5.4) we have P(Yr) = P(Yr). Notice also 
that F* ~ X]j=i satisfies (5.4) if and only if F docs. Natural examples of S- 
varieties satisfying (5.4) are the following and more examples can be found in [Gr, 
Ch. 2, §11]). 

Examples 5.5. (1) For F = A+ we obtain the basic affine space X = Ya.+ . 

(2) Let 7 e A+ and F = N7. Then, Yr will be denoted by Y-y and is the orbit 
of a highest weight vector v-y S 1^(7). Its closure Y^ is called a highest weight or 

HV-variety [VP, Section 1] . 

(3) An important example of highest weight variety is the closure of the minimal 
(nonzero) orbit in a simple Lie algebra q: in this case 7 = a is the highest root and 
V{a) = g is the adjoint representation. 

Set ^r = StabG(vr); thus Yr = G/Sr- Since = nj=i StabG(v7^), we see 
that I) normalizes 5r = Lie(5r). Let A{l),sr) denote the set of roots of f) in the 
Lie algebra Sr- Then Sr = S{^Qt where Qr ^ H D Sr and S'f is generated by the 
one parameter groups Ua, a G A([),sr) (sec [VP, p. 753] or [Gr, Corollary 3.5]). 
Clearly, Qr = {/i £ if : V7 G F, j{h) = 1} is a diagonalizablc subgroup of H with 
character group A/ZF. Under the right action of the given groups on 0{Yr), the 
proof of [Gr, Lemma 17.1(b)] shows that 

C»(Yr) = 0(G)^^ = 0(G)^'3r ^ QQr 
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When (5.4) holds, this imphes that 0{Yr) = 0{Yr) = O'^^ and Yr = X//Or. 

If an algebraic group L acts on the right on some variety Z we denote by 5g : 
z H- > z.g the right translation hy g G L on Z. It induces a right action on / G 0{Z) 

by 5g.f{z) = f{z.g). This applies for example to Sr acting on G and Qr acting on 
X. In this notation, D(X)^ = {d € X>(X) -.WhG H, 6h.d = ti*{h)d} for any G A. 
When Yr = Y-y is an HV- variety we will set = Sr and = Qr, etc. 

Proposition 5.6. Suppose that Yr is an S-variety satisfying (5.4). Then V'^^ = 
©^Gzr* '^^^ there is a natural morphism of algebras ipr '■ T^^^ ^'(Yr). 

Proof Let d = T,^,(^A ^n' with d^. G ©(X)^' . It is clear that d G V{'K)Q^ if and 
only if 5h-d^' = d^* , for all h G Qr- This condition is equivalent to /x(/i)(ip. = d^* ; 
that is, fjb{h) = 1 when d^* ^ 0. Since Qr is a diagonalizable group, [Sp, Propo- 
sition 2.5.7(iii)] impKes that Zr = {/i G A : V/i G Qp, ^,{h) = 1}. It follows that 
2?(X)'5'" = ©^gzr* ^(X)^. The morphism V'r is simply the restriction morphism 
coming from the identification Yr = Xy/Qr- D 

An affine variety Z (respectively an algebra R) is called "D-simple if ©(Z) (re- 
spectively R) is a simple P(Z)-module (respectively 2?(i?)-module). This does not 
hold for arbitrary varieties; for example when Z is the cubic cone in C^, 0(Z) does 
not even have finite length as a ■E>(Z)-module [BGG]. It is, however, important in 
many situations to know that a variety is X'-simple. We first note that for S-varieties 
satisfying (5.4) this is an easy consequence of Proposition 3.1: 

Proposition 5.7. Let Yr be an S-variety satisfying (5.4). Then 0(Yr) is a simple 

left T>{\r)-rnodule. 

Proof. Since 0(Yr) = 0(X)^^ with Qr reductive, 0(Yr) is an C(Yr)-module 
summand of 0(X). The proposition is now a consequence of Proposition 3.1 and 
the following result. □ 

Proposition 5.8. ([Sm, Proposition 3.1]) Let R ^ T be an inclusion of commu- 
tative C-algebras and suppose that R is a direct summand of the R-module T.IfT 
is V-simple, then R is V-simple. □ 

We next refine Proposition 5.7 by showing that 0{Yr) is a simple module over 
a rather explicit subring of V{Yr)- Let .Sp be the subalgebra of I'(X) generated 

by the two finitely generated commutative subalgebras 0(Yr) and F^^.^ (^^(Yr' )). 
Observe that Fwg{0{Yr*)) is isomorphic to ©(Yr-) (as both an algebra and a 
G-module) and so 

Sr=C{0-'^,F^„{0^^);l<t,j<s). 

By Proposition 2.9(1), F^^{0^) C V'^' and so Sr Q V{X)^^ , by Proposition 5.6. 
We will consider ©(Yr) as an <Sr-module through the map tpr defined in the latter 
result. 
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Proposition 5.9. Let Yp be an S-variety satisfying (5.4). Then 0(Yr) is a simple 
Sr -module. 

Proof. As in Lemma 3.6, partially order A by cj* ^ A* if uj* — X* £ A+. Let 
Oj^gG 0{Yr) and write g = gx-^ + Eapas Sa* with gx-^ and gx", € O^' C 
0{Yt) for all i. By Lemma 3.5 there exists / G O^" such that F^„{f){gx*) = 1. 
Hence Proposition 2.9(1) implies that F^^{f){g) = 1 + Ea'^aj Pwoi.f)i.9x') with 
Fv.oU){9x]) € 0-^''+^'. But = when A* > A^.' Thus F^,{f){g) = 1 

and 0{Yt) is simple over Sr- □ 

Let Z be an afhne variety with R = 0{Z) and consider the subalgebra 

A{R) = A(Z) = C(0(Z),Derc(0(Z)) C V{Z). 

It is known [MR, Corollary 15.5.6] that A(Z) = D(Z) when Z is smooth. The 
Nakai conjecture [Na] says that the converse should be true: 

A(Z) = D(Z) ^ R is regular. 

The reader can consult [Be, Tr], [Sc, Section 12.3] and the references therein for 
work related to this conjecture. 

The following observation, which is implicit in [Tr], implies that many singular 
varieties, notably S-varieties satisfying (5.4), do satisfy the conclusion of Nakai's 
conjecture. 

Lemma 5.10. Assume that Z is irreducible and 0(Z) is V-simple. Then the Nakai 
conjecture holds for Z. 

Proof. Suppose that T>{R) = A(i?). Then R is simple as a A(i?)-module and the 
result follows from [MR, Theorem 15.3.8]. □ 

Corollary 5.11. (1) The Nakai conjecture holds for S-varieties satisfying (5.4). 
(2) More generally, suppose that R CT are finitely generated C-algebras such that 
R is a summand of the R-module T and that T is V-simple. Then the Nakai 
conjecture holds for R. 

Proof. Part (1) is immediate from Lemma 5.10 combined with Proposition 5.7. 
Similarly, part (2) follows from Lemma 5.10 and Proposition 5.8. □ 

One significance of the Nakai conjecture is that it implies the Zariski-Lipman 
conjecture: Z is smooth whenever Derc 0{Z) is a projective 0(Z)-module. Part (1) 
of Corollary 5.11 does not give new information about that conjecture; indeed 
since S-varicties always have graded coordinate rings, the Zariski-Lipman conjecture 
for these varieties already follows from [Ho]. It is not clear whether part (2) of 
Corollary 5.11 has significant applications in this direction. 

A natural situation where Corollary 5.11 applies is for invariant rings: 
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Corollary 5.12. Let Q he an affine algebraic group and V be an irreducible affine 
Q-variety. Suppose that 0(V) is V-simple (for example, when V is smooth). Then 
the Nakai conjecture holds for Vf/Q in the following two cases: 

(a) Q is reductive; 

(b) V is a G -variety and Q = U. 

Proof, (a) As in the proof of Proposition 5.7, 0{y //Q) is a summand of 0(V). 
Thus Corollary 5.11(2) applies. 

(b) Observe that I?(X x V) = ©(X) P(V); therefore, by hypothesis and 
Proposition 3.1 (or Proposition 5.9), 0(K x V) ^ 0(X) (g) Oiy) is P-simple. By 
[Kr, III.3.2, p. 191]), (X x V)//G ^ \ //U where G acts componentwise on X x V. 
Thus the result follows from (a) applied to G acting on X x V. □ 

Surprisingly, and despite the simplicity of its proof, only special cases of Corol- 
lary 5.12 have appeared before in the literature and these have typically required 
substantially harder proofs. See, for example, [Is, Theorem 2.3] and [Sc, Sec- 
tion 12.3]. 

6. Exotic differential operators 

The results from the last section raise two questions which we study in this 
section. First, can one say more about the structure, notably the order, of the 
exotic differential operators in ■D(Yr) induced from the ring <Sr of Proposition 5.9? 
This is answered by Theorem 6.7 and Corollary 6.8 and proves Corollary 1.5 from 

the introduction. 

The second question concerns the following basic question in the theory of rings of 
differential operators. If F is a finite dimensional representation of a reductive group 
K, then restriction of operators induces a ring homomorphism Viy)^ 'D{V//K). 
When is this map surjective? The conjectural answer is that this happens if and 
only if V//K is singular. Positive answers to this question have been found in 
many cases and these solutions had significant applications to Lie theory (see, for 
example, [Jo2, Jo3, LSI, Sc]). These results have almost always been in situations 
where V//K is a highest weight variety. Now let Y = Yr be any HV- variety, 
or even S-variety satisfying (5.4). It is natural to ask whether the resulting map 
tjjr '■ 2?(X)'2r' V{Y) is surjective. As we will show in Theorem 6.9, this even fails 
for the minimal orbit Omm = of a simple classical Lie algebra q. This proves 
Proposition 1.6 from the introduction. 

The idea behind the proof of Theorem 6.9 is as follows. Let Y = Y^ be an 
HV-variety. Then 0(Y) = 0^^^, O^t* is an N-graded algebra and so D(Y) is Z- 
graded by (2.1). There exist examples of HV-varieties Y, notably the closures of 
minimal orbits Yg , for which one can find an irreducible G- module E consisting of 
"exotic" operators of degree —1 and order at most 4, see [AB, BK2, LS3]. On the 
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other hand, by combining (2.2) with Propositions 2.9(1,3) and 5.6 the only obvious 
operators of order —1 in Ini(^-y) and small order are those in il)-y{Fwa{0^)). But 
their order is only bounded above by k{'y), where we write 

(6.1) fc(A) = (A,2/)^) = 2Eimi for A = "^i^i e A+. 

Typically ^(7) is significantly larger than 4 (see the table at the end of the section). 
The aim of the proof is therefore to show that for the minimal orbit the bound ^(7) 
is attained and hence that the G- module E cannot lie in Im(^/'^-). 

Wc begin with some technical lemmas, the first of which is a mild generalization 
of [BBP, Lemma 3.8]. The subalgebra U{i)) ^ S{i)) of V can be identified with 
0(f)*) and it follows from the definitions that u{g) = u{X)g for u e U{\)) and g G O^. 
We denote by {Um{i))}meN the standard filtration on the enveloping algebra U{i)). 

Lemma 6.2. Let fi, - ■ ■ ,fn € O be linearly independent and pick D GVp. Suppose 
that there exist functions Ci : A+ — > C such that D{g) = J27=i^i{l^)fi9 f^''^ 
5 G C and /i G A+. Then D = Yh=i fi^i for some ci, . . . , c„ G Up{i)). 

Proof For any function c : A+ ^ C and A G A+, define Tx{c) : A+ ^ C by 
Tx{c){fi) = c{X + ^i)-c{fi). Since ordD < p, we have [51^+1, [gp, [. . . ,[gi, D]] . . .] = 
for all 7^ gj e O^' . This easily impHes that Ta^ o Ta^ o • • • o Ta^ o Tx^^^{c^) = 
for all Ai G A+. Since Tx is a difference operator, it follows that Cj is a polynomial 
function of degree < p on A+ and it is clear that there exist Cj G U{i)) (of degree 
< p) such that Ci(A) = Ci(A) for all A G A+. Obviously, D{g) = {Y^^=i fiCi) (g) for 
all g G O^, hence the result. □ 

[Sh2, Theorem 1] shows that, for all 7 G A+ and «; G W, one has D[7]'"(t) ^ 
[/([)) (g) E, where is a G x H-modulc of dimension dimy(7). The next lemma 
provides an explicit G x i?-module E with this property. 

Lemma 6.3. Let 7 G A+. Then, via the multiplication map m : D D ^ D, we 

have 

for all w G W and p G N. In particular, 'D[y]^^'^^ is a free U{\})-module with basis 
being any C-basis of Fyj{0^). 

Proof. It is sufficient to prove the lemma for w = 1; indeed, applying F^, to the 
equalities Vp[y]'' = (g) Up(i)) = Up(^) (g) and appeaUng to Proposition 2.9(1) 
gives the general result. 

By [Sh2, Theorem 1], n = rk^^^^j D[7]t = dim V(7). Let {Di, . . . , D„} be a basis 
of the right [/([})-modulc I?[7]''', and fix a basis {/i, . . . , /„} of the G-modulc O'' . It 
is easy to see that Up{l)) ^O^ ^ Up{i))0'^ = O^Up{^)) = C ® Up(t)), and that this 
space is contained in I'[7]'''. For the converse, write fj = E- DiOij for Uij G 11(1)). 
Then, fjg = aij{fj,)Di{g) for all ^ 5 G O'*. Thus ©^^^ Cfjg C ^^^^ CDj{g). 
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Since diin(0j^^ C/jg) = n > dim(^J^^ C-Dj((7)) , we obtain that = 
0j=i ^^Ad)- Therefore, for aU g G C"*, there exist unique elements Cij{g,^i) € C 
such that Dj{g) = YJi^i Cij{g, t^fig- 

We next show that the Cij{g,^ys depend only on ^i. Indeed, it follows from 

fj9 = '^akj{lJ.)Dk{g) = ^^akj{li)cih{g, lj)fig 

k i k 

that X^j. Cife((7, /x)afej (/x) = 6ij for all 1 < i,j < n. In other words, the matrix 
[cikid, l-i-)]ik is the inverse of the matrix [akj{tJ')]kj ■ Since the afcj's do not depend 
on g, nor do the Cik{g,ti). 

We can therefore write Dj{g) = ^"^iCij{n)fig for any g G C*. By Lemma 6.2 
we deduce that Dj = J27=i fi^ij with e Up{i)). □ 

Return to an S-variety Y = Yr satisfying (5.4) and define ip = tpr '■ VpCj'^^ — > 
2?(Y) by Proposition 5.6. Recall that F = J2i=i ^7* fo'' some ji G A+ and order 
the 7i so that QF = 0^^^ Qji. Set t = {/i e ^ : (F*, h) = 0}; thus t ^ Lie(Qr) 
has dimension rank(g) — r. Pick a;i, . . . , a;r G f) such that f) = (0[=i Ca;i) ® t and 
{'y*,Xj) = Sij for 1 < i,j < r. Set i/j = i>{xj) G I'(Y) and let u G [/(^). From 
the identity u{f) = 'il}{u){f) = u{^j)f for /i G F* and / e O^, one deduces easily 
that tp{u) =0 when u G t [/(()) and that V' induces an isomorphism of polynomial 
algebras: 

V : C[x] = C[ari, . . . , a;,] ^ C[y] = C[yi, . . . , y,]. 

For m = (mi , . . . , m^) G N'^ we set a;" = HLi ajf* and = ni=i 2/,™* • Note that 
if u{y) G C[y], the (total) degree of u{y) coincides with its order as a differential 
operator on Y. We recall the definition of A;(A) from (6.1). 

Proposition 6.4. Let Y = Yr satisfy (5.4) and set ip = ipr- Let 7 G F, ^ / G 
and u{y) G C[y]. Then, 

ovd'4){F^a{f))u{y) = fc(7) +degu(y). 

In particular, the elements {V'(-Ptuo(/m))y™ : m G N''} are linearly independent for 
any G \ {0}. 

Proof. As the variety Y is irreducible, the associated graded ring gr'D(Y) = 
0j.I>fe(Y)/r'fc_i(Y) is a domain and so orda5 = orda + ord6 for a.b £ T>{Y). 
Since ordu(y) = degu(?;), it therefore suffices to show that ordV'(-Floo(/)) = ^(7)- 
By Proposition 2.9(3), we do have ordf/'(-Fiuo (/)) — '^^^^woif) = f^il)- 

Consider the operator Pj, = ^^giFyjg{fi) (where gi G C'*, fi G CP) defined 
by Proposition 2.9(4). For each G we have = {ot^ , + ^i*^ 

z Gi. Thus, applying ip to (2.10) gives 

(6.5) ^(P,.)=c,. n n (^(a^7;)% + («^p)-^). 
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Write 7* = XlJ=i "^iTj fo^' some nij G Q and pick a such that (7*, a^) 7^ 0. Then 
J- rrij (0:^,71) ^ and so (q:^,7|) ^ for some 1 < j < r. Hence degV'(Q!^) = 
deg(Ej(a'',7;)%) = 1- Thus (6.5) implies that ^'(^'7*) = Y.i 9MFwo{fi)) has 
order X^Q,vg^v (7*,a^} = fc(7)- Therefore, there exists i € {!,..., n} such that 
ordV'(i^»o Kl)- In particular, i/.(i^»o ((^^)) 7^ 0. 

Consider the symbol map grfe(^) : I?fe(^)(Y) ^ I?fe(^)(Y)/I?fe(^)_i(Y). Notice 
that grfe(^) is a morphism of G-modules and that, by the previous paragraph, 
^k(^){i,{F^,{fi))) 7^ for some fi G . Since ^l^iF^^iQ-^)) ^ V{^) is an irre- 
ducible G-module, we deduce that grj,(,^-)(Vj(Ftt,„(/))) ^ for all 7^ / £ O^; that 
is to say, ovdip[Fyj^[f)) = k{'y). This proves the first assertion, from which the 
second follows immediately. □ 

Corollary 6.6. Let Yr satisfy (5.4), write ip = ip-p and pick 7 S F. Then tp 
induces an isomorphism of G -modules: 

F„„(0^)®C[x] ^ V(2?[7]"^*) =V'(i^»o((^^))®C[y]. 

Proof We claim that V[j]-''' n KerV' = F^g{0^) ® tu(i)). Let Q £ Vij]-^' n 
Kertp. By Lemma 6.3, write Q = P + T, where P = X^meN'- -^^o (/m)a;™ for 
some /m G 0^, and T e F^^{0''') O l(7(^). Since T G Ker^-, certainly = 
V'(-P) = EmV'(-Pi«o(/m))y'"- By Proposition 6.4, this implies that /m = for all 
m. Hence P = and Q G i^tuo(C'^) ® tU{\)). Since the opposite inclusion is clear, 
the claim is proven. As C/(f)) = C[x] 1 i7(f)), it follows that tp induces the required 
isomorphism. □ 

Theorem 6.7. Let Yr be an S-variety satisfying (5.4), set ijj = ipr and pick 7 G F. 
Let E C il}{V['~^]~'~' ) he an irreducible G-module. Then E = 'ip{Fw^(0'^))u{y) for 
some 7^ u{y) G C[y] and ordq = k{'y) + degu(y) for allO^ q G E. 

In particular, if tp is surjective then ovdq > k{'y) for allO ^ q £ 'D(Y)[7]~''' . 

Proof. Let q G E \ {0}; by Corollary 6.6 we may write q = '^iPiUi{y) where the 
Pi G ip{Fwo{0'^)) are linearly independent and ^ Ui{y) G C[y]. Since tp{Fyjg{0^)) 
is an irreducible G-module, the Jacobson Density Theorem produces an element 
a e CG such that a.pi = Si^ipi for all i. Recall that G acts trivially on f), hence 
a.q = piui{y) € E \ {0}. Therefore, E = CG.(a.g) = tp{Fyj^{0^))ui{y). This 
proves the first claim and the second is then a consequence of Proposition 6.4. 

Suppose that ip is surjective. Since V is a (G x iJ)-module map, we must have 
X>(Y)[7]~''' = tp{'D['y]~'' ) and the final claim follows from the previous ones. □ 

Assume now that Yr = Y-y is an HV-variety and recall that, by Example 5.5(2), 
Y-., automatically satisfies (5.4). Then O(Y^) is graded and from the discussion 
after (2.2) we know that X'(Y-y)~™'' identifies with the space of differential opera- 
tors of degree — m on the graded ring 0{Y^). In particular, we obtain the following 
explicit module of exotic differential operators: 
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Corollary 6.8. Let Y = be an HV-variety. Then I'(Y) contains an irreducible 
G-module E = ■ipy{Fy,g{0^)) = V{'y) of differential operators of degree —1 and order 
fc(7) = (7,2p^). □ 

For a number of important HV-varieties, G-modules of differential operators of 
degree —1 have been constructed, but these constructions are typically quite subtle 
(sec, for example, [AB, BKl, BK2]). The results of [AB] apply to the minimal 
nilpotent orbit. In our final result we will show that their operators almost never 
appear in the image of tl) and therefore that tp is not surjective for those varieties. 

Assume that G is simple. Then the minimal (nonzero) nilpotent orbit of g = 
Lie(G) is Omm = Y^, where a = a* is the highest root. In this case k{a) is easy to 
compute. Indeed, by [Bo, Ch. VI, 1.11, Proposition 31], k{a) ~ 2(h— 1), where h is 
the Coxeter number of the root system A. These Coxeter numbers are described, 
for example, in [Bo, Planche I-IX] and we therefore obtain the following values for 
k{a). 



Type of g 




Be,£>2 


CeJ.>2 


De,e>3 


Ee 


Et 


Es 


F4 


G2 


k{a) 


2i 


2(2i-l) 


2(2^-1) 


2{2l - 3) 


22 


34 


58 


22 


10 



It is now easy to prove Proposition 1.6 from the introduction. 



Theorem 6.9. Let Omin = Y5 be the minimal nonzero orbit in a simple classical 
Lie algebra q. Then the restriction map ip : 'D(X)'5° — > T>{Ya) is surjective if and 
only ifg = sl(2) or = s[(3). 

Proof. By Example 5.5(3), Y5 is an HV-variety and so it satisfies (5.4). 

Suppose that ip is surjective. As g is classical, it follows from [AB, Theorem 3.2.3 
and Equation 3] that T>(Ya) contains a G-module E = V{a) of differential operators 
of degree —1 and order < 4. As ■)/' is a G x ff- module map, and V{Ya)'" is the 
space of operators of degree —1, this forces E C 'D{Ya)[a]~" = il){V[a]'°' ). 
Therefore, Theorem 6.7 says the operators in E have order 4 > k{a). The table 
shows that this is only possible when g = sl{2) or s[(3). 

Conversely, if g = sl{2), then T) = C[u,v,du,dv] is the second Weyl algebra, 
Q& = {±id} ^ Z/2Z and 0{Ya) = O^^ = £[0^ ,uv]. Thus V is just the 
isomorphism V^^ = C[m2, v^,uv, d^, d^, dud^] ^ ^(Ya). 

Now suppose that g = 5l(3). Then X is the quadratic cone Wij/j = 0} in 

X C^, Qa = C* and the natural map tp : T>^» ^^(Yg) is surjective by [LS3, 
Lemma 1.1 and Theorem 2.14]. □ 

Differential operators have also been extensively studied for lagrangian subvari- 
eties of minimal orbits in [BKl, BK2, LS3]. The varieties discussed in those papers 
are HV-varieties for an appropriate Lie algebra (see, for example, [BKl, Table 1]) 
and they again have differential operators of order < 4 and degree —1. As might 



26 



T. LEVASSEUR AND J. T. STAFFORD 



be expected by analogy with Theorem 6.9, the corresponding map ip does produce 
operators of the required order for Lie algebras of small rank but in large rank the 
map V is definitely not surjective. We omit the details of these assertions since 
they are rather technical. 

The differential operators constructed in [BKl, BK2, AB] have a number of 
interesting properties, as is explained in those papers. It would be interesting to 
know whether the operators constructed for arbitrary HV- varieties by Corollary 6.8 
also have distinctive properties. 

Remark 6.10. It is instructive to compare the results of this section with those 
from [LSS, LSI]. One of the main aims of those papers was to construct I'(Z) 
for certain specific singular affine varieties Z. The typical situation is that Z is 
an irreducible component of O H n+ , where O is a nilpotent orbit of a simple Lie 
algebra q with triangular decomposition q = n~ © I © n"*". Those papers then 
show that I?(Z) = U(g)/P for some primitive ideal P. However, Z will almost 
never be an S- variety for g. Rather, Z will be contained in the nilradical of a 
parabolic subalgebra p of 5 and, at least when O is the minimal orbit, Z then 
will be an HV- variety for a smaller Lie algebra g contained in the Levi factor of p. 
For these examples one would not expect to find a group Q and a surjective map 
^ ■.V{G/U)^ V{Z), simply because it is unlikely for the big Lie algebra g to lie 
in the image of such a map. 

The reader is referred to [LSS, Theorem 5.2] and [LSI, Introduction] for explicit 
examples of this behaviour and to [Jo2] for a more general framework. One example 
is provided by Example 2.8, for which we take g = so(8). The parabolic p is 
described explicitly in [LSS, Table 3.1 and Remark 3.2(v)], so suffice it to say that 
p has radical t = and Levi factor a ® C, where a = so(6). The variety Z is the 
quadric X]i=i ^iVi ~ ^ inside r. Since r is the natural representation for o it follows 
easily that Z is an HV- variety for a. Example 2.8 follows from this discussion by 
the lucky coincidence that the closure X of the basic affine space for sl(3) identifies 
with Z under an embedding of s[(3) into o. 
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